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ABSTRACT
The in-control average run-length (ICARL) is often themetric used to design and implement a control
chart in practice. To this end, the ICARL robustness of a control chart, that is, howwell the chart main-
tains its advertised nominal ICARL value, under violations of the underlying assumptions, is crucial.
Without the ICARL robustness, the shift detection property of the chart becomes questionable. In this
article, first, the ICARL robustness of the well-known adaptive exponentially weighted moving aver-
age (AEWMA) chart of Capizzi andMasarotto (2003) is examined, in an extensive simulation study,with
respect to the underlying assumption of normality. The ICARL profiles of the AEWMA chart are calcu-
lated for a range of distributions of various shapes, including light-tailed, heavy-tailed, symmetric, and
skewed. Our results show that theAEWMAchart is quite sensitive to the normality (shape) assumption
and may not maintain the nominal ICARL under non-normality. Motivated by this, a distribution-free
(nonparametric) analog of the AEWMAchart (called theNPAEWMAchart), based on theWilcoxon rank
sum statistic, is proposed for Phase I applications when a Phase I reference sample is available. The
NPAEWMA chart shows good ICARL-robustness against non-normality and shift detection capacity.

Introduction

Traditional control charts in the statistical process
control (SPC) literature include the Shewhart charts,
the EWMA charts, and the CUSUM charts. The She-
whart chart is easy to implement in practice, but is
less efficient in detecting smaller shifts, as it uses
information from the current sample. By contrast, the
EWMA and CUSUM charts use the information in
a sequence of samples up to the point of comparison
by combining the previous and present observations.
These so-called averages-type charts are known to be
effective for detecting small to moderate shifts with an
assumed knowledge of the magnitude of the shift. In
this article, we focus on the EWMA type charts as they
are often preferred by the users. In practice, however,
it may be difficult to design and use the EWMA chart
effectively since the magnitude and the direction of
the shift may be unknown and unpredictable so it’s
not clear what tuning (weight) parameters to use in
the EWMA. In such situations, Capizzi and Masarotto
(2003) (hereafter CM) considered an adaptive EWMA
(AEWMA) chart, where the weighting parameter in
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the EWMA chart is calculated adaptively, over time,
as each new data point becomes available. Thus, the
AEWMA chart is able to adapt to changes in the pro-
cess more efficiently and detect a variety of shifts, both
small and large.

The idea of adaptively selecting the weighting
parameter in the EWMA chart and improving chart
performance is interesting and holds a lot of promise
from a practical standpoint. Thus, over the last decade
or so, a large amount of work has been done on the
AEWMA chart and its various generalizations. In fact,
a literature review found some 56 articles related to the
AEWMA chart. Among these,Woodall andMahmoud
(2005) studied the inertial properties and evaluated the
“signal resistance” of several control charts. They stated
that “Likewise, the AEWMA procedure proposed by
Capizzi and Masarotto (2003) has much better worst-
case performance than the omnibus EWMA chart.”
Reynolds and Stoumbos (2006) compared different
charts and chart combinations for monitoring the pro-
cess mean and/or variance. They re-defined the “error”
in the AEWMA by Capizzi and Masarotto (2003), and
developed and evaluated AEWMA-type charts based
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on squared deviations from target for monitoring pro-
cess mean and/or variance. Shu (2008) also extended
the idea of the AEWMA chart for monitoring pro-
cess locations to the case of monitoring process dis-
persion. Mahmoud and Zahran (2010) proposed a
multivariate AEWMA (MAEWMA) control chart to
detect shifts in process mean vector. They made per-
formance comparisons between the MAEWMA chart
and the combined Shewhart-MEWMA chart in terms
of the standard and worst-case average run length pro-
files and showed the effectiveness of their proposed
MAEWMA chart. Simoes, Epprecht, and Costa (2010)
compared the performance of the AEWMA, the com-
bined EWMA-Shewhart scheme and the combined
AEWMA-Shewhart scheme optimized for the same
pair of shifts and concluded “First, there is no prac-
tical benefit in combining the AEWMA chart with
a Shewhart chart. Second, the performances of the
AEWMAchart and of the combined EWMA-Shewhart
scheme are practically identical.” More recently, Liu
et al. (2013) proposed a sequential rank-based non-
parametric adaptive EWMA (NAE) control chart for
detecting the persistent shifts in the location parame-
ter. Their NAE chart was claimed to be a self-starting
procedure with no requirement of any prior knowledge
of the underlying distributions, while CM’s AEWMA
chart was developed under the assumption of nor-
mality. Further, Liu, Tsung, and Zhang (2014) pro-
posed a nonparametric adaptive CUSUM control chart
based on the sequential rank as well. Saleh, Mah-
moud, and Abdel-Salam (2013) pointed out that the
AEWMA chart was proposed for the known param-
eter case, but in practice the process parameters are
usually unknown and need to be estimated. It is
well known that using estimates for the parameters
degrades chart performance and hence Saleh, Mah-
moud, and Abdel-Salam (2013) studied the perfor-
mance of the AEWMA chart with estimated parame-
ters. They showed the effect of different standard devi-
ation estimators on the chart performance and recom-
mended the use of the AEWMA chart over the stan-
dard EWMA chart especially when a small number of
Phase I samples is available. In an interesting applica-
tion setting, Tang et al. (2014) applied the AEWMA
chart to detect the low-rate denial of service (LDoS)
attacks on a network that reduce network service capa-
bility. They stated that “The NS2 simulations show that
AEWMA method can detect LDoS attacks effectively
and has a low false negative rate and a false positive

rate. Based on DARPA99 datasets, experiment results
show that AEWMA method is more efficient than
EWMA method.” Finally, Huang, Shu, and Su (2014)
improved the computationalmethod for estimating the
run length performance of the AEWMA chart.

However, after a thorough review of these articles,
it became apparent that none of these authors exam-
ined the ICARL robustness of the AEWMA chart to
the distributional assumption of normality. By ICARL
robustness we mean how well a chart maintains its
advertised nominal in-control ARL value (such as 370
or 500) under violations of the assumption(s) (in this
case normality) under which the chart was developed.
It has been argued in the literature that without the
ICARL robustness, the out-of-control shift detection
property of a chart is somewhat meaningless. Note
that we focus here on the violation of the normality
assumption but violations of other assumptions (for
other charts) can be of interest in the broader context of
in-control robustness. Also, we consider here the ARL
as the chart performance metric but other measures
can also be considered.

It is clear that since in practice the underlying
process distribution is most likely to be unknown or
non-normal, without the in-control robustness, the
practical value of any control chart may be highly
diminished. This is because, for example, too many
or too few false alarms (relative to the preset nominal
value) can shatter the confidence of the user and ruin
the efficacy of the chart. Hence, an in-control robust-
ness study of any chart to the normality (or whatever
distribution the chart is based on) assumption is essen-
tial before its implementation in practice. Liu et al.
(2013) suspected the robustness of the AEWMA chart,
stating “However, these control charts often assume
that data come from some parametric distribution,
most commonly the normal distribution. When the
underlying process is unknown or not normal, these
chartsmay not be appropriate”, but they did not provide
any evidence in support of their claim. In this article
we study the in-control robustness of the AEWMA
chart by examining its ICARL, as the ICARL is one
of the most commonly used metric for control chart
design and implementation in practice.

It should be noted that Borror, Montgomery, and
Runger (1999) studied the ICARL robustness of the
standard EWMA control chart to non-normality.
They claimed that the standard EWMA chart can
be designed so that it is robust to the normality
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assumption, so that the ICARL is reasonably close to
the nominal for both skewed and heavy-tailed sym-
metric non-normal distributions. However, Human,
Kritzinger, and Chakraborti (2011) also examined the
robustness of the EWMA chart and suggested using
caution against its overuse, particularly in situations
where the shape of the underlying process distribu-
tion is not sufficiently known. But to the best of our
knowledge, no one has examined the ICARL robust-
ness of the AEWMA control chart to non-normality.
In this article, we examine this important issue exten-
sively, first using four standard distributions: the nor-
mal, the Laplace (the double exponential), the t and
the uniform, and then six more distributions of differ-
ent shapes within the g-and-k family of distributions.
These six distributions include the (1) normal like,
(2) symmetric heavy-tailed, (3) symmetric light-tailed,
(4) slightly right-skewed, (5) slightly right-skewed and
heavy-tailed, and (6) highly left-skewed distributions.
Our results reveal that theAEWMAchart is highly sen-
sitive to non-normality, so one has to be very careful
while applying it in practice. We then adopt the basic
idea behind the AEWMA chart and consider a non-
parametric adaptation of the AEWMA chart, called the
NPAEWMA chart, based on the Wilcoxon rank sum
statistic. It is seen that the proposed distribution-free
chart has attractive performance properties.

First, we start with a brief introduction to the
AEWMA chart.

The AEWMA control chart

The basic idea of the adaptive EWMA (AEWMA) con-
trol chart, proposed by CM is to “adapt” the weights
given to the past observations in a standard EWMA
chart. More specifically, in an adaptive EWMA control
chart theweighting parameterλ of the current observa-
tions changes along with every new observation com-
ing in. In an AEWMA chart this constant weight λ is
replaced by a suitable function of the current “error”,
which is the difference between the observed variable
and the previous monitored value (the EWMA value
at the previous time point). If the error value is small,
the weight assigned to the current observation is small,
and thus the chart can detect a small shift quickly,
that is the chart behaves close to a standard EWMA
chart. Otherwise, the current observation will be given
a larger weight, and the chart will perform more like a
Shewhart-type chart.

Assume that y1, y2, . . . , yn are independent and
identically distributed normal random variables. The
AEWMAcontrol chart is based on the statistics below:

xt = (1 − w (et )) xt−1 + w (et ) yt
= xt−1 + w (et )

(
yt − xt−1

)
= xt−1 + φ (et ) ,

where x0 = 0, et = yt − xt−1 is the “error”, w(et ) =
φ(et )/et , where φ(et ) is the “score” function, which
varies with the et . CM suggested three choices for the
score function, among which the Huber score function
is favored for its efficiency and simplicity. An AEWMA
control chart with the Huber score function is the one
that is most widely studied and was used by CM and
alsomany researchers in the literature. TheHuber score
function is given by

φ (e) =
⎧⎨
⎩
e + (1 − λ) k if e < −k
λe if |e| ≤ k
e − (1 − λ) k if e > k

.

The parameters λ and k are two of the three chart
design parameters. The third chart design parameter
is the control limit h (>0), that is chosen to guaran-
tee a specified (nominal) in-control average run length
value. The process is declared out of control when the
monitored value xt falls above h or below −h.

Recall that the key advantage of the AEWMA chart
stems from the fact that it uses the flexible weighting
scheme that helps it to adapt and adjust dynamically by
“looking at” the successive differences between a “fore-
cast” and the observation. However, as we noted earlier,
the AEWMA chart is developed under the normality
assumption, meaning that under non-normal process
distributions the performance of the chart is not guar-
anteed. To study the in-control run length (RL) distri-
bution of theAEWMAchart under non-normality, and
hence its ICARL robustness, four well known distribu-
tions are used including the normal, the Laplace (the
double exponential), the t, and the uniform. For further
examination, six more distributions of different shapes
are selected within the g-and-k distribution family
(Hoaglin 1986; Haynes, MacGillivray, and Mengersen
1997). They are (1) normal like, (2) symmetric heavy-
tailed, (3) symmetric light-tailed, (4) slightly right-
skewed, (5) slightly right-skewed and heavy-tailed, and
(6) highly left-skewed. We start with a description of
the g-and-k family of distributions:
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Table . Parameters for the six chosen g-and-k distributions.

Distribution gk gk gk gk gk gk
Shape normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

A      
B      
C . . . . . .
G    . . −
K  . −.  . 

The g-and-k distribution family

The family of g-and-k distributions is defined by quan-
tile function:

Qx (u|A,B,G,K) = A + Bzu
(
1 +C

1 − e−Gzu

1 + e−Gzu

)

×(
1 + z2u

)K
where A and B >0 are the location and scale param-
eter, respectively, G is a measure of the skewness of
the distribution, K>−0.5 is a measure of the kurto-
sis, zu is the uth quantile of the standard normal dis-
tribution and C is a normalizing constant that pro-
duces a proper probability distribution. Approximately,

C ≤ 0.83 guarantees a completely proper distribution.
Here we use C = 0.8 as researchers normally do. For
more information about the properties of these dis-
tributions, see Haynes, MacGillivray, and Mengersen
(1997) and Rayner (1999).

Table 1 displays the various parameters used in the
study and Figure 1 shows the corresponding pdf ’s of
the g-and-k distributions.

The ICARL robustness of the AEWMA chart

As for the design parameters (λ, k and h) in
the AEWMA chart, we considered the two optimal

Figure . g-and-k distributions used in the simulations. From the left to the right and from the top to the bottom, the distributions are:
normal like, symmetric heavy tailed, symmetric light tailed, slightly right skewed, slightly right skewed and heavy tailed, and highly left
skewed, respectively.
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Table . Optimal design parameters of two AEWMA charts for a
nominal ICARL of .

Shift pairs Optimal design parameters

μ μ λ k H
. . . . .
. . . . .

Table . Optimal design parameters of two AEWMA charts for a
nominal ICARL of .

Shift pairs Optimal design parameters

μ μ λ k h
. . . . .
. . . . .

combinations given by CM that produced an ICARL of
500 and 100, respectively, for the normal distribution.
Tables 2 and 3 display these design parameter combina-
tions used in our robustness study. Here a “shift pairs”
denotes a pair of values of the shifted mean: a “small”
and a “large”, following CM.

It is well known that one can examine the zero-state
or the steady-state performance of an EWMA control
chart. In our study, as in CM, we investigate the robust-
ness of the AEWMA chart in terms of the zero-state
ICARL in a large number of Monte Carlo simulations.
Tables 4a,b and 5a,b show the performance of the two
AEWMA charts (for the two sets of chart parameters,
for each nominal ICARL of 500 and 100, respectively,
shown in Tables 2 and 3) for four well-known dis-
tributions: the normal, the Laplace (the double expo-
nential), the t and the uniform, each centered and
scaled if necessary so that the mean is 0 and standard
deviation is 1, and six distributions of various shapes
from the g-and-k distribution family: (1) normal like,
(2) symmetric heavy-tailed, (3) symmetric light-tailed,

(4) slightly right-skewed, (5) slightly right-skewed and
heavy-tailed, and (6) highly left-skewed.All six g-and-k
distributions also have their location parameters equal
to 0, scale parameters equal to 1, and skewness/kurtosis
as listed in Table 1. The results shown are based on
10,000 simulations.

The results in Tables 4 and 5 provide interesting
insights into the ICARL robustness of the AEWMA
chart. It is seen that the effect of the shape of the under-
lying distribution on the ICARL of the AEWMA chart
is significant. As it might be expected, the attained
ICARL values for the underlying normal or the nor-
mal like distribution are found to be very close to
the nominal ICARL, when the underlying in-control
distribution is not normal, the attained ICARL value
can be vastly and significantly different from the nom-
inal ICARL. For example, in Table 4a, for symmet-
ric but heavier tailed t and Laplace distributions, the
attained ICARL is much shorter than the nominal,
leading to many false alarms whereas for the symmet-
ric and lighter tailed uniform distribution, the attained
ICARL is about three and a half times longer. For the g-
and-k family, the same pattern is seen in Table 4b. For
the symmetric heavy-tailed and highly left-skewed dis-
tribution, the attained ICARL values are significantly
shorter than the nominal ICARL value or the symmet-
ric light-tailed distribution, the attained ICARL values
are remarkably longer than the nominal ICARL, say
by more than 2000, which although results in a much
lower false alarm rate than what is expected. This is not
desirable either. The results in both of these tables show
that, as designed, the AEWMA control chart performs
well in the IC case of the normal distribution, but its
performance is highly affected by non-normality, to the
point that one cannot recommend this chart in practice

Table. Theattained ICARLvaluesof theAEWMAchart under variousdistributions; (a) normal, Laplace (,/
√
2), t, uniform (−/

√
3,/

√
3),

and (b) six differentmembers of the g-and-k family with various shapes. The design parameters used are those as in CM for nominal ICARL
of  under normality.

(a)

Shift pairs Known distributions

μ μ normal Laplace t Uniform

. . . . . .
. . . . . .

(b)

Shift pairs g-and-k family

μ μ normal like symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

. . . . . . . .
. . . . . . . .
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Table . Theattained ICARLvalues of theAEWMAchart under variousdistributions; (a) normal, Laplace (,/
√
2), t, uniform (−/

√
3,/

√
3),

and (b) six differentmembers of the g-and-k family with various shapes. The design parameters used are those as in CM for nominal ICARL
of  under normality.

(a)

Shift pairs Known distributions

μ μ normal Laplace t Uniform

. . . . . .
. . . . . .

(b)

Shift pairs g-and-k family

μ μ normal like symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

. . . . . . . .
. . . . . . . .

without normality. This leads to the conclusion that, in
general, the AEWMA chart is not ICARL robust.

Having observed the ICARL sensitivity of the
AEWMA chart to the normality assumption, one can
consider some possible remedies.
• Search for optimal design parameters which guar-
antee a nominal ICARL for a specified distribu-
tion. However, as described in CM, this solution
will require a full knowledge of the underlying dis-
tribution. This is not practical.
• Consider pre-processing the data, such as apply-
ing transformation to normality and then apply-
ing theAEWMAcontrol chart tomonitor the pro-
cess. We don’t pursue this here.
• Adopt the basic idea of the adaptive EWMA chart
but use a nonparametric/distribution-free statis-
tic which does not require the normality assump-
tion. This leads to a nonparametric analog of the
AEWMA chart.

We pursue the third solution and propose a non-
parametric version of the AEWMA chart, called the
NPAEWMA chart, for the unknown parameter case,
in the next section. The chart is based on the familiar
Wilcoxon rank sum statistic.

The NPAEWMA control chart

Suppose X = (x1, x2, . . . xm) and Y = (
y1, y2, . . . yn

)
denote two independent random samples from the dis-
tributions of two independent continuous variables.
Wilcoxon (1945) proposed the rank sum test (WRS)
based on the sum of the ranks (say V) of one of the
samples, say the Y’s, in the combined sample of the X’s
and the Y’s. Let a(i) = 1 if the ith smallest observation

in the ordered combined sample is a Y and a(i) = 0
otherwise. We can write V = ∑n+m

i=1
(
i · a(i)

)
. Under

the null hypothesis that the X’s and the Y’s are identi-
cally distributed, the expectation and the variance of V
are (see, e.g., Gibbons and Chakraborti 2010): E(V ) =
n(m+n+1)

2 andVar(V ) = mn(m+n+1)
12 , respectively. It can

be seen that if the distribution of the Y’s is stochastically
larger than that of X, then V will be large; otherwise V
will be small.

To adopt this idea for a distribution-free control
chart in the unknown parameter case, first, a refer-
ence sample from an in-control process needs to be
obtained in Phase I. Then, at each point in time dur-
ing the future monitoring of the process (Phase II), test
samples (subgroups) are obtained and compared to the
reference sample. A NPAEWMA control chart can be
constructed as follows.

� Collect a reference sample of size m: X =
(x1, x2, . . . , xm), from an in-control process. Note
that the available Phase I data is in a single sample
of size m.

� Collect subgroups, each of size n, at time t,
from the monitored process. Let the subgroup be
denoted byYt = (

y1, y2, . . . , yn
)
.

� Compute the Wilcoxon rank sum statistic Vt

between the Y and the X sample at time t. Let
V ′

t = Vt−E(V )√
var(V )

be the standardizedVt .
� Adapt the rank sum statistic in the AEWMA
framework and calculate the NPAEWMA mon-
itoring statistic Tt = (1 − w(et ))Tt−1 + w(et )V ′

t ,

with T0 = 0 and w(et ) as for the AEWMA chart.
� An out-of-control signal is given when Tt falls on
or outside the control limits, that is, on or outside
of ± h.
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Table . The attained ICARL values of the NPAEWMA chart for six distributions. The design parameters used are those for the AEWMA
control charts for the same shift pairs and the nominal ICARL of . Number of simulations= ,.

Shift pairs Underlying distributions

μ μ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

m= , n= 
. . . . . . . .
. . . . . . . .

m= , n= 
. . . . . . . .
. . . . . . . .

� The design parameters (λ, k, h) used for the
NPAEWMA chart, for the first time, are taken to
be the same as those for theAEWMAchart of CM.

Note that a Shewhart-type distribution-free chart,
based on Vt was considered by Chakraborti and Van
de Wiel (2008).

The ICARL robustness of the NPAEWMA control
chart

Under the IC situation, when the distributions of X
and Yt are identical, it is well known (see, for exam-
ple, Gibbons and Chakraborti 2010) that the distribu-
tion of V ′

t is approximately standard normal, when m
and n are sufficiently large. TheWilcoxon rank sum test
based onVt (orV ′

t) is distribution-free, that is, no mat-
ter what the common continuous distribution of X and
Yt is, the in-control distribution of Vt is only a func-
tion ofm and n. By definition, a nonparametric control
chart based on V ′

t is distribution-free and so it should
be ICARL robust. However, since the distribution ofV ′

t
is standard normal for large m and n, it is of interest
to examine the (finite sample) ICARL performance of
the NPAEWMA chart as a function ofm and n. To this
end, two combinations of m and n values are selected
for each of the six g-and-k different distributions con-
sidered earlier. Note that in the NPAEWMA charts we
first use the same optimal charting parameters (λ, k,
and h) of the AEWMA chart and thus consider a direct

nonparametric analog. The results are shown in Tables
6 and 7.

From Tables 6 and 7, and comparing with the results
in Tables 4b and 5b, it is seen that theNPAEWMAchart
ismuchmore robust to non-normality when compared
with the AEWMA chart. For example, in Table 6, when
m = 500 and n = 5, the NPAEWMA control chart,
for shift pair 1 and 5, has ICARL values ranging from
503.18–508.58, for a nominal ICARL value of 500, for
all six distributions. Whereas for m = 100, n = 25,
the NPAEWMA control chart for shift pair 0.5 and 4
has ICARL values ranging from 462.31–483.76. It is
clear that the differences between the attained and the
nominal ICARL values, for different shapes of distri-
butions are significantly smaller for the NPAEWMA
chart than for the AEWMA control chart. By compar-
ison, for the AEWMA chart, these differences range
from tens to thousands. For example, from Table 7,
when m = 500 and n = 5, for the NPAEWMA control
chart, for shift pair 1 and 5, the attained ICARL val-
ues range from 95.39–97.01 when the nominal ICARL
is 100, but from Table 5, for the same situation with
the AEWMA control chart, the ICARL values range
from 9.09–254.72. In summary, a really wide range of
ICARL values with some very small and some very
large values point to the weakness of the AEWMA
chart and point to the stability and the ICARL supe-
riority of the nonparametric analog, the NPAEWMA
chart.

Table . The attained ICARL values of the NPAEWMA chart for six distributions. The design parameters are those for the AEWMA control
charts for the same shift pairs and the nominal ICARL of . Number of simulations= ,.

Shift pairs Underlying distributions

μ μ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

m= , n= 
. . . . . . . .
. . . . . . . .

m= , n= 
. . . . . . . .
. . . . . . . .



QUALITY ENGINEERING 483

Table . Results of the Shapiro-Wilk test for normality about the
standardized WRS statisticV ′

t .

m n m
m+n

number of rejections
among  repetitions

  . 
  . 
  . 
  . 
  . 
  . 
  . 
  . 
  . 

However, it may be noted that despite the vast
superiority on the basis of the ICARL robustness to
non-normality, one important issue related to the IC
performance of the NPAEWMA control chart is that
all the attained ICARL values (in Tables 6 and 7) are
somewhat less (more) than the nominal ICARL of
500(100). There are two reasonable explanations.

1) The AEWMA control charts are designed for
process monitoring with known parameters,
while the distribution-free NPAEWMA chart
is used for process monitoring with unknown
parameters, where a reference sample of size m
is assumed to be available from an in-control
process. Naturally, a large number of refer-
ence sample observations are needed in order
to maintain the ICARL at the nominal level.
In the following sections of this article, simu-
lated corrected control limits are used to guar-
antee the actual ICARL reaches the nominal
ICARL.

2) There may be questions about the in-control
distribution of the statisticV ′

t , which, in theory,
is standard normal, for large m and n values.
This also points to needing a sufficient amount
of reference data.

To explore the second point further, Table 8 presents
the results of the Shapiro-Wilk test for normality
applied to 5,000 values of the V ′

t statistic, calculated
for certain chosen values of m and n with both sam-
ples from the standard normal distribution. The steps
are as follows.

(1) Choose m and n.
(2) Randomly generate m reference observations X,

and n test observations Y, both from the stan-
dard normal distribution.

(3) Calculate the standardizedWRS statistic for the
Y sample, and denoted it as theV ′

t .

(4) Repeat steps 2 and 3 until 5000 V ′
t values are

obtained.
(5) Perform the Shapiro-Wilk test for normality and

record the p-value for this one single test.
(6) Repeat steps 2–5 until we have 500 p-values

from the Shapiro-Wilk test.
(7) Count the number of p-values smaller than or

equal to 0.05 among the 500.
(8) Repeat steps 1–7 for different m and n values.
Table 8 shows the results for m = 100, 300, 500, and

n= 5, 15, and 25, respectively. As it might be expected,
it is seen that when n = 5, the normal approximation
ofV ′

t is not as good as when n = 25, since in this case
the number of rejections varied around 25. Thus, n =
25 should be preferred by practitioners. However, from
the point of view of a quality practitioner, a subgroup
size of n = 5 is more attractive and has been widely
used. The performance of the proposed chart when
n = 5, will be examined in the next section.

The performance of the NPAEWMA control chart

Having established the ICARL robustness of the
NPAEWMA chart, in this section, the out-of-control
performance of the NPAEWMA chart is evaluated
here.We also investigate the effect of the reference sam-
ple size m and the test subgroup size n on the chart
performance. To this end, note that as discussed in the
previous section, using the design parameters intended
for the AEWMA chart on the NPAEWMA chart tend
to produce ICARL values closer to the nominal value
but the closeness can be improved. In order to make
the OOC comparisons fair, the charts under compari-
son should have roughly the same ICARL. One sugges-
tion by many authors, e.g., Mahmoud and Maravelakis
(2010) and Jones (2002), to this end is to adjust the con-
trol limits empirically. The same is done here and these
adjusted control limits are referred to as the “corrected
control limits.” Thus, the control limits in Table 2 and
Table 3 are adjusted for producing an ICARL of 500 or
100, respectively, corresponding to m = 100, n = 25
and m = 500, n = 5 for the NPAEWMA chart. Table
9 shows the corrected control limits h∗. The design
parameters λ and k in the AEWMA remain the same.

The corrected control limits h∗ produce an ICARL
close to the nominal level for all six distributions of dif-
ferent shapes. Note that the corrected control limits for
the NPAEWMA chart (the h∗) are somewhat close to
the control limits (the h) for the AEWMA control chart
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Table . The corrected control limits h∗ required to produce an
ICARL of  for six distributions. The reference sample size and
subgroup size arem= , n=  andm= , n= . The values
of k and λ are those used for the AEWMA control chart.

Shift pairs ICARL= 

μ μ λ k h corrected control limits h∗

. . . . . m= , n=  .
m= , n=  .

. . . . . m= , n=  .
m= , n=  .

Table . The corrected control limits h∗ required to produce an
ICARL of  for six distributions. The reference sample size and
subgroup size arem= , n=  andm= , n= . The values
of k and λ used are those for the AEWMA control chart.

Shift pairs ICARL= 

μ μ λ k h corrected control limits h∗

. . . . . m= , n=  .
m= , n=  .

. . . . . m= , n=  .
m= , n=  .

given by CM. In general, the h∗ values are larger than
h, except for the charts for which the shift pair is 0.5
and 4 and m= 500, n= 5, where the h∗ is smaller than
h, meaning that in these two cases, the control limits
h are narrowed to meet the nominal level. For the case
where the shift pair is 1 and 5 and m = 500, n = 5,
the corrected h∗ is the same as the control limit h. For
the rest of the cases, we expand the control limits a lit-
tle bit to meet the nominal level. The search of the h∗ is
done by computers by first setting a range around h and
then simulating the monitoring process against all the
h values within the chosen range. The h∗ is the control
limit that has an ICARL close to 500/100 for all distri-
butions. Results show that only small modifications to
h are needed.

Tables 11 and 12 display the out-of-control average
run length (OOCARL) values of the NPAEWMA con-
trol chart for the six distributions, when the corrected
control limits, obtained from Tables 9 and 10, are used.
Note that the shifts are expressed in the units of 1/

√
n

Table . The OOCARL values of the NPAEWMA chart for the six distributions. The nominal ICARL equals . Each ARL is calculated from
, simulations of run lengths. Two combinations of m and n are used: m= , n=  and m= , n= .

Shift pairs Shift in location Underlying distributions

μ μ δ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

in unit of /
√
25 m= , n= 

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

in unit of /
√
5 m= , n= 

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
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Table . The OOCARL values of the NPAEWMA chart for the six distributions. The nominal ICARL equals . Each ARL is calculated from
, simulations of run lengths. Two combinations of m and n are used: m= , n=  and m= , n= .

Shift pairs Shift in location Underlying distributions

μ μ δ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

in unit of /
√
25 m= , n= 

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

in unit of /
√
5 m= , n= 

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

where n is subgroup size, because the standard devia-
tion for the subgroupmean is B/

√
n, with B= 1, which

is the scale parameter in the g-and-k distribution. Thus,
for example, a shift of δ = 0.25 in tables below means a
shift of 0.25× 1/

√
25= 0.05 for n= 25 or 0.25× 1/

√
5

= 0.11 for n = 5, respectively, in the location.
In practice, the combination of m = 500 and n =

5 is recommended for the NPAEWMA chart when
parameters are unknown. This is in line with the rec-
ommendation for the normal theory control charts as
recent research has shown (see, e.g., Saleh et al. (2015),
Epprecht, Loureiro, andChakraborti (2015)).However,
it should be noted that in this article m denotes the
number of Phase I observations. Generally speaking, it
is seen that for a heavier-tailed distribution relatively
more data are required to detect a shift whereas much
less data are needed for a highly skewed distribution.
This seems to hold in all the situations we examined.
When m = 100, n = 25, the NPAEWMA chart for the
shift pair 1 and 5 performs better than the one for the
shift pair 0.5 and 4 for both small and largemagnitudes

of shifts. When m = 500, n = 5, the chart for shift pair
0.5 and 4 is better for smaller shifts whereas the chart
for shift pair 1 and 5 is better for larger shifts.

Based on our results, for a nominal ICARL = 500,
we recommend m = 500, n = 5, λ = 0.1354, k =
3.2587, h∗ = 0.7931 for the NPAEWMA chart for its
robust ICARL performance and better OOC perfor-
mance. However, although m = 500 is an acceptable
Phase I sample size in the most recent literature based
on the analysis of effects of parameter estimation on
control charts, it is still a relatively large number. Prac-
titioners may not have the time to wait until this much
data are gathered, and in the meantime, the produc-
tion process may have a higher risk of going out of con-
trol. Thus, we also investigate the ICARL performance
of the NPAEWMA chart for both sets of parameters
(shift pair 0.5 and 4 and 1 and 5, respectively) using per-
haps a more reasonable m = 100 and n = 5 and using
corrected control limits, when the nominal ICARL is
500. Table 13 displays the attained ICARL values in this
case.
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Table . Attained ICARL values for a reference sample size m =  and n = . Each ICARL is calculated from , simulations of run
lengths using the corrected control limits.

nominal ICARL= , m= , n= , with corrected control limits h∗

Shift pairs Underlying distributions

μ μ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

. . λ = ., k= ., h∗ = .
. . . . . .

. . λ = ., k= ., h∗ = .
. . . . . .

Table . The attained ICARL values of the NPAEWMA chart for six different shapes of underlying distributions for m =  and n = .
The design parameters are those for the AEWMA control charts for the same shift pairs and the nominal ICARL is /. Number of
simulations= ,.

Shift pairs Underlying distributions

μ μ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

m= , n= , ICARL= 
.  . . . . . .
  . . . . . .

m= , n= , ICARL= 
.  . . . . . .
  . . . . . .

Table 13 shows, for situations where not enough ref-
erence sample data are available, the attained ICARL
values are less than the nominal value, which will
produce a higher false alarm rate. However, the
NPAEWMA chart for shift pair 1 and 5 that is with (λ,
k, h∗) = (0.1354, 3.2587, 0.7931) is reasonably robust
and may be used in practice.

Performance of NPAEWMA for individual
observation and some comparisons with other
charts

So far we have considered two Phase II subgroup sizes,
n = 5 and n = 25. However, sometimes smaller sub-
group sizes may be preferred. For example, in some
applications it is common to monitor individual data,
that is, a sample of size n = 1, since monitoring indi-
vidual observation may be natural and perhaps cost
efficient. Thus, it is of interest to examine the perfor-
mance of the proposed NPAEWMA control chart for
individual Phase II data. Table 14 shows the robustness
of the NPAEWMA control chart for six different dis-
tributions. The chosen parameters (λ, k and h) are the
same as we used for n = 5 and n = 25 cases, with m =
100, n = 1 and nominal ICARL = 500/100.

The conclusions from Table 14 are consistent with
those from Tables 6 and 7. The proposed NPAEWMA
chart is robust against non-normality when monitor-
ing individual observations. But the actual ICARL is

not the same as the nominal ICARL. This is most likely
due to the same reason as in Section 6 where we simu-
lated the ICARL for the n = 5 and n = 25 cases. Thus,
Table 15 provides the corrected control limits, for n= 1,
for the NPAEWMA chart to reach the nominal ICARL.
Table 16 shows the OOC performance when monitor-
ing individual observations.

Liu et al. (2013) considered a sequential rank-based
nonparametric adaptive control chart. Their chart uses
a change-point formulation and monitors the indi-
vidual data. In their article, they made performance
comparisons with the modified EWMA chart with
“standardized ranks” proposed by Hackl and Ledolter
(1991), a CUSUM procedure based on “sequential
ranks” proposed by McDonald (1990), and a non-
parametric change-point chart proposed by Hawkins
and Deng (2010). These three charts are denoted as
HLE, McC, and HDC, respectively. Note that our

Table . The corrected control limits h∗ for the NPAEWMA chart
required to produce an ICARL of / for six distributions. The
reference sample size is m =  and the subgroup size is n = .
The values of k and λ are those used for the AEWMA control chart.

Shift pairs m= , n= 

μ μ λ k h corrected control limits h∗

. . . . . ICARL=  .
ICARL=  .

. . . . . ICARL=  .
ICARL=  .
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Table . The OOCARL values of the NPAEWMA chart for the six distributions. The nominal ICARL equals /. Each ARL value is calcu-
lated from , simulations of run lengths. The reference sample size is m=  and the subgroup size is n= .

Shift pairs Shift in location Underlying distributions

μ μ δ normal symmetric heavy tailed symmetric light tailed slightly skewed slightly skewed heavy tailed highly skewed

in unit of  nominal ARL= , m= , n= 
. . . . . . . . .

. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

in unit of  nominal ARL= , m= , n= 
. . . . . . . . .

. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

. . . . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .
. . . . . . .

NPAEWMA chart is not directly comparable with any
of these charts since the NPAEWMA chart is a Phase II
chart based on a fixed Phase I reference sample, while
the rest of the charts are sequential charts based on
a change-point formulation. In order to make some
comparisons, we chose the change-point at a relatively
large number of observations, specifically at the 101th
observation, tomake the comparisonsmore reasonable
among the charts. From Table 17, we can see that the
two NPAEWMA control charts perform better when
there is a small shift in the location parameter. Also, the
NPAEWMA chart for shift pairs 1 and 5 performs well
when there is a large shift to the location parameter.
The parameters of the NPAEWMA charts are obtained
from Table 15. The nominal ICARL values are all fixed
at 500.

Example

To illustrate the proposed NPAEWMA control chart,
we consider a dataset on the inside diameters of piston

rings for an automotive engine produced by a forging
process (Montgomery 2012). Twenty-five samples,
each of size five, have been taken when the process
is thought to be in-control. These are the Phase I
data with m = 125. Then the process is monitored
with 15 additional samples (Phase II). Table 18 shows
the calculation of the NPAEWMA charting statistics
and Figure 2 shows a plot of the NPAEWMA control
chart for shift pair 1 and 5, with (λ, k, h∗) = (0.1354,
3.2587, 0.8078). The h∗ = 0.8078 is determined for
a nominal ICARL of 500, when λ = 0.1354 and
k = 3.2587, as with the AEWMA chart, when m = 125
and n = 5, using simulations. The control chart shows
an out-of-control signal at the 12th test sample.

Note that the h value for the AEWMA chart was
0.7931 but the AEWMA chart assumes normality
and the known parameter case. The h∗ value for the
NPAEWMA chart is larger, 0.8078. So the proposed
nonparametric Phase II charts based on a Phase I ref-
erence sample are wider, which is expected. In order
to cast a light on how sensitive the control limits are
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Table . The OOCARL values of the NPAEWMA, NAE, HLE, McC, and HDC charts for the N(, ) distribution.

N(, ) vs. N(δ, )

NPAEWMA HLE McC
(μ,μ) � k

shift δ (., ) (, ) NAE . . . . . . HDC

. . . . . . . . . . .
. . . . . . . . . . .
 . . . . . . . . . .
. . . . . . . . . . .
 . . . . . . . . . .
 . . . . . . . . . .

 The OCCARL values of the NPAEWMA chart are calculated from , simulations. The OOCARL values of the NAE, HLE, McC, and HDC charts are from Liu et al.
().

Table . Calculations for the NPAEWMA control chart for the inside diameters of piston ringsa.

Phase II sample WRS Statistics Standardized WRS Statistics e Monitoring Statistics Control limits (+/−)

 . . . . .
 . . . . .
 . − . − . − . .
 . . . − . .
 . − . − . − . .
  . . . .
  . . . .
 . − . − . . .
 . . . . .
  . . . .
 . . − . . .
 . . . .∗ .
  . . .∗ .
 . . . .∗ .
 . . . .∗ .

aAn ∗ indicates an out-of-control signal. Average rank is used to calculate the WRS statistics when there are ties.

to the normality assumption and the estimation of
parameters, corrected h∗ values are obtained via sim-
ulation for the NPAEWMA chart, for shift pair 1 and
5, λ = 0.1354 and k = 3.2587, and nominal ICARL =
500, when m = 50, 100, 150, 300, 500 and n = 5 for
the normal distribution. Our results show that the h∗

Figure . NPAEWMA control chart for the piston rings data.

values vary from 0.7931–0.8082, which indicates a rea-
sonable robustness of the proposed NPAEWMA chart
to the varying Phase I sample size.

Summary and conclusions

In this article, we examine the ICARL robustness of
the AEWMA control chart proposed by Capizzi and
Masarotto (2003). Our results show that as proposed,
the AEWMA chart performs well under normality,
but is very sensitive to the shape of the underlying
distribution and hence to non-normality. Thus, if the
AEWMA chart is used in situations where the normal-
ity assumption is not satisfied, there is a considerable
amount of risk of getting a false alarm rate different
from the advertised nominal value; it could be much
higher or lower and this can have a deleterious effect
on the overall monitoring regime. Motivated by this,
we propose a nonparametric analog of the AEWMA
chart, called the NPAEWMA chart for the unknown
parameter case, based on the Wilcoxon rank sum
statistic and a Phase I reference sample. The Phase II
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distribution-free NPAEWMA chart is shown to main-
tain the in-control robustness to non-normality better
for distributions of different shapes and inherits the
good shift detection properties of the AEWMA chart
to quickly detect a shift of an unknown magnitude.
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